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@ Let ay, by, cn be the probability that the nth day is nice day, rainy day, or snowy day
respectively. We have the relation

an+1 0 05 05 an
bp+1 | =1 025 0.5 0.25 by |.
Cn+1 0.25 0.25 0.5 Cn

0 05 05 an
Write A = (0.25 0.5 0.25 ) and B, = ( bn )
0.25 0.25 0.5 Cn

al 1 as
a) (bl ) = (O) slfices, <b3 ) ZRONULL W,

c1 0 c3

as 1 0.25
(b3)=A2<0) = (0.375)
c3 0 0.375

1 2 2
b) First, diagonalize A. Put P = ( 0 —-11 ) Then we have
-2 1 1
1 0 0
Plap = (0 025 0 )
0 0 -025

Thus, we have
1 0 0
A”:P(O 0.25" 0 )P—l
0 0 (=0.25)"
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| 440 (2025 44 5.025" 4 (<0.25)" 4-5.0.25" + (~0.25)"

4—4.(=025)" 4—5.025" + (—0.25" 4+5-0.25" + (—0.25)"

an 1 | [ 2+8: (—0.25)n—1
(bn):A"_1<0):w 4—4-(-025""1 |.
Cn 0 4—4.(—0.25""1

c) Consider the limit n — oo.

an ai 1 222 ail
lim [ by | = lim A7 by |=—[4 4 4| b
"N ¢y n—>o0 c1 10\ 4 4 4 c1
2 2
— a1 t+bi+a 4| = 1 4|
10 4 10\ 4

Here, we used the fact a1 + b1 + ¢; = 1. Thus, in the land of Oz, it is fair 20% of the
time, rainy 40% of the time, and snowy 40% of the time, in general.

Therefore,

Let an, by, cn be the populations of region 1, 2, 3, respectively, after n years from now.
Of the b, people living in region 2, 0.15 b, move to region 1 in the following year, and
of the ¢, people living in region 3, 0.10 ¢, move to region 1. Together with the 0.90ay,
people remaining in region 1, the population of region 1 in the following year a, 1 equals
0.90a, + 0.15b, + 0.10¢,. Similarly, we can find the population of region 2 and 3 in the
following year, and we obtain the relation

an+1 0.90 0.15 0.10\ /an
but1| =10.05 075 0.05]) | bn |-
Cn+1 0.05 0.10 0.85/ \cp

0.90 0.15 0.10 an

Write A = (0.05 0.75 0.05), and v, = (bn). What we want to find is
0.05 0.10 0.85 Cn

lim ¥, = lim A"v.

n—>oo n—oo



If the limit Voo = li)moo Uy, exists, it should satisfy AUso = Veo. In other words, the limit
n
Uo is an eigenvector of A belonging to the eigenvalue 1.

If we calculate the characteristic polynomial of A, then we have det(A —AI) = —(A—1)(A—

4/5)(A—7/10). Thus, A does have the eigenvalue 1. Solving (A—A1)X = 0, we find that the
13

eigenvectors belonging to the eigenvalue 1 are ¢ ( 4 ) (¢ is an arbitrary real number). Thus,
7

once we show the existence of the limit, we can conclude that the populations of region 1, 2,

3 will be 13/24 =~ 54.2%, 4/24 ~ 16.7%, 7/24 ~ 29.2%, respectively.
To show that the limit exists, we look for the eigenvectors belonging to 4/5 and 7/10. Solving
the linear equations, we have

-1 1
4 7
eigenvalue 3 eigenvector ¢ ( 0 ) ; eigenvalue 10’ eigenvector ¢ (—2) .
1 1
From this we have
13 =1 1\ ! /090 0.15 0.10\ /13 —1 1 1 0 0
(4 0 -2 (0.05 0.75 0.05) 4 0 —2) =0 4/5 0 |.
7 1 1 0.05 0.10 085/ \7 1 1 0 0 7/10
Taking the n-th power of both sides, we have
13 =1 1\ ! /090 0.15 0.10\" /13 —1 1 1 0 0
(4 0 —2) (0.05 0.75 0.05) (4 0 —2) = (0 4/5" 0 )
7 1 1 0.05 0.10 0.85 7 1 1 0 o0 (7/10)"

From this we can prove that

13 =1 1\ /100y /13 -1 1\7" | /131313
lim A”=(4 0 —2)(000)<4 0 _2) =(4 4 4).
n—>00 71 1J\ooo/\7 1 1 24\7 7 7

Thus, the limit Uso exists no matter what the initial vector Ug is.



